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Excerpts from NCTM – Teaching Ratio and Proportions in the Middle
Grade ~ by Amy Ellis
Sarah DeLeeuw, Series Editor
What Is Proportional Reasoning? A proportion is a relationship of
equality between two ratios (Lobato & Ellis, 2010). In order to reason
proportionally, students must not only reason with ratios, but they must also
understand that the ratio of two quantities remains constant even as the
corresponding values of the quantities change. The ability to build on the
idea of the equality of two ratios is a central hallmark of proportional
reasoning. Proportional reasoning involves understanding that (a) equivalent
ratios can be created by iterating and/or partitioning a composed unit, and
(b) if one quantity in a ratio is multiplied or divided by a factor, then the
other quantity must be multiplied or divided by the same factor to maintain
the proportional relationship.
What Is the Role of Ratio and Proportion in Success in Algebra? Cai
and Sun (2002) explain that “proportional relationships provide a powerful
means for students to develop algebraic thinking and function sense” (p.
195). In particular, understanding linear function is directly related to
reasoning proportionally. A linear equation of the form y = mx can be seen
as a statement of proportionality, in which m is the invariant ratio. Karplus,
Pulos, and Stage (1983) even defined proportional reasoning in terms of
function understanding, explaining that it is reasoning in a system of two
variables between which there exists a linear functional relationship.
Proportional reasoning is also central to an understanding of measurement,
which is important for success in algebra and beyond (Lehrer, 2003).
Thompson and Saldanha (2003) point to the value of thinking of a
measurement as a ratio comparison rather than simply a “number of
things.” For instance, one can think of the green 10-inch rope as 10 inches,
or 10 little lengths. One can also see the 10-inch rope as a ratio, in which
the standard unit of measurement is 1 inch, and the green rope is 10 times
as long as the 1-inch unit. This way of thinking can be helpful in situations in
which the unit of measurement changes. For instance, say the unit is
changed from inches to feet. This requires recognizing that the ratio of 1
inch to 1 foot is 1:12, which is invariant across the change in units. Thus,
each inch is 1/12th of a foot. Because the rope is 10 inches long, it will be
10•(1/12), or 5/6 of a foot long.
How Should Teachers Balance Teaching Skills versus
Concepts? Many curricula emphasize procedures and skills for solving
proportions, but researchers caution that the most important challenge of
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developing students’ capacity to reason proportionally is to teach ideas and
to restrain the quick path to computation (Smith, 2002). Both skills and
concepts are important. Teaching skills alone does not guarantee that
students will genuinely understand proportional phenomena, especially
because students are skilled at mimicking procedures without
understanding.
There is evidence that students do not naturally approach proportional
situations the way adults do; they may not “see” the proportionality in a
situation, and it takes work to shift from additive comparisons to
multiplicative comparisons (Harel et al., 1994; Hart, 1988). Without a
foundation in conceptual understanding of ratios, students may then be
poised to make mistakes based on cues in the problem. For instance,
students may assume that a situation is proportional if a problem gives three
numbers with one missing or if the problem involves key words, such as
“per” or “rate”.
Providing students with the opportunity to engage in repeated reasoning
(Harel, 2007) by thinking through the logic of ratio and proportion problems
again and again will help them generalize their understanding into broadly
applicable algorithms. For instance, returning to the cookie problem,
consider an alternate solution. A student might reason that the ratio of
calories to cookies is 210:3. One could either divide or partition to obtain a
unit ratio of 70 calories per cookie. Because 5 cookies have 5 times as many
calories as 1 cookie, multiply 70 by 5 to get 350 calories. This approach
relies on the same idea as the cross-multiplication algorithm, but it is
grounded in sense making. Engaging in repeated reasoning of concepts,
rather than just repeated practice of procedures and skills, can foster both
understanding and skill development for students. Ultimately, students
should then be encouraged to formalize their repeated reasoning into a
general procedure that can be applied to many different problems.
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4-44.

MYSTERY MASCOT
Jeremy and Julie are part of the spirit club at
CPM Middle School. They have permission to
paint a mural of their school mascot on the wall
of the gym. To make it look right, they have
decided to cut up a small picture of the mascot.
They will then enlarge each of the pieces and
put them together to form a larger model of the
mural. But they need your help!
Your Task: Get a piece of the original picture
of the mascot and an enlargement grid from
your teacher. Draw your section of the mural so
that it fills the large grid yet still looks the same
as the part of the original picture on your piece.
Work with your team members to ensure
that everyone’s drawings are as accurate as
possible, including the little arrow in the corner.
When all parts of the enlargements are completed, work with your class to put
them together to make a paper model of the mascot mural. What is the mascot
of CPM Middle School?

4-45.

Your teacher will assign your team a part of the mascot to measure, such as a
foot or an eye. When you have been assigned your part to measure, follow the
steps below.
a.

Measure your assigned part on the original mascot (the small picture) in
centimeters and then on the corresponding (identical) part of the enlarged
mascot.
mascot original enlarged
part
(cm)
(cm)
b. Work with your class to share data and
complete a table like the one at right.
c.

With your team, examine the data collected
by your class. Look for a way to describe
the relationship between parts of the
original mascot picture and the enlarged model of the mascot. Be prepared
to share your ideas with the class.
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d. Is there any part of the enlarged picture that seems to be the wrong size?
How could you check?

4-46.

Why is it necessary that all parts of the original picture grow in the same way?
What if, for example, the nose got two times bigger and the eyes got five times
bigger? Work with your team to explain what has to happen for the mascot
model to keep its shape as it gets larger.

Investigating a Proportional Relationship
Can you imagine a tower built out of one million pennies? How tall would it
be? In this lesson, you will work with your team to predict just how tall such a
tower would be. To make sense of this question, you will measure some
pennies and investigate the relationship between the height of a tower of
pennies and the number of pennies in that tower. This is an example of a
special relationship called a proportional relationship, which you will learn
more about later in this course.
1-23.

How tall would a tower of a million pennies be? Would it be taller than
your school building? Would it be taller than Mount Everest? (Mount
Everest is approximately 8848 meters or 29,029 feet high.)
Discuss these questions with your team and make a prediction. Record
your prediction on the table provided by your teacher.

1-25.

TINY TOWERS
To begin to investigate this question, start by collecting
data. Parts (a) and (b) will lead you through the datacollection process.
a.

How many pennies does it take to build a tower that is
one centimeter tall? Use the tools provided by your
teacher to answer this question.

b. On your own paper, create a table like the one at right.
Work with your team to complete the missing

Height of
Tower
(cm)
1
2
3
4
5
…
10
…
20
…
30
…
100

# of
Pennies

5

information. Be prepared to explain your reasoning to the class.

1-26.

THE HUNDRED-PENNY TOWER
“I have an idea!” Carol said. “If I know how tall a
tower of one hundred pennies would be, maybe that
can help me figure out how tall a tower of one million
pennies would be.”
a.

Discuss this idea with your team. How could
Carol’s idea work?

Height of
Tower (cm)
1
2
3
4
5
…

# of
Pennies

…
100

b. Work with your team to figure out how tall a
tower of one hundred pennies would be. Can you find more than one way
to figure this out? Be sure that each member of your team is prepared to
explain your team’s reasoning to the class.
1-27.

THE MILLION-PENNY TOWER
Now it is time to answer the big question: How tall would a tower of one
million pennies be?
Your Task: Work with your team to calculate the height of a tower of one
million pennies as accurately as you can. Can you find the height more than
one way? Be prepared to explain your ideas to the class.

6

RATIO AND PROPORTION IN GRADE 6
3-79.
ON THE TRAIL AGAIN
Rowena and Polly are investigating their trail-mix problem again. Rowena
took a handful of her mixture and counted her raisins and peanuts. She found
she had 8 peanuts and 32 raisins in her sample. Rowena drew the following
diagram to represent her sample.

You can use a ratio to compare the number of peanuts or raisins in this sample
to the total. If you find what percent of the sample is made up of raisins (or
peanuts), you are writing a special kind of ratio. It describes how many raisins
or peanuts would be present if the whole sample contained 100 raisins and
peanuts combined. In fact, you can use a ratio to express the relationship
between any two quantities in the mix.
a.

For the sample shown above, identify what each of the following ratios are
comparing. For example, for “A ratio of 40 to 32,” you would write,
“total to raisins,” because the ratio is comparing the total number, 40, to
the number of raisins, 32.
i.

A ratio of 8 to 40

ii.

A ratio of 8 to 32

iii. A ratio of 32 to 8

iv.

A ratio of 32 to 40

b. Use what you have learned about portions to describe what portion of
Rowena’s sample is peanuts and what portion is raisins. Express each
answer as a fraction and as a percent.
3-80.

Rowena and Polly remembered the diagrams they used in the “Handful of
Pennies” Lesson from Chapter 1. They recalled how the diagrams helped them
quickly see the number of pennies in a group. They drew the diagrams below
to represent their sample.
Then they wrote the following
P P P P
P P P P
ratios:
RRRRRRRR
RRRRRRRR
4 to 16,
RRRRRRRR
RRRRRRRR
2 to 8,
8 to 2,
PP
PP
PP
PP
16 to 4, and
RRRR RRRR RRRR RRRR
1 to 4.
RRRR RRRR RRRR RRRR
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a.

What do you think each of these ratios represents? How do these ratios
compare to the ratios in problem 3-79?

b. Rowena thinks that saying there are 32 raisins for every 8 peanuts is the
same as saying there is 1 peanut for every 4 raisins. She claims these
ratios are the same. Is Rowena correct? How are these ratios the same?
How are they different?
3-81.

WAYS TO WRITE A RATIO
Just as you can express portions in multiple ways, you can write a ratio in any
of three forms:
 With the word “to,” such as: The ratio of raisins to peanuts is 4 to 1.
 In fraction form, such as: The peanuts and raisins have a ratio of
1 peanut
.
4 raisins

a.

With a colon (:), such as: The ratio of peanuts to raisins is 1 : 4 .

Sidra has a sample of trail mix containing 22 raisins and 28 peanuts. Use
the bulleted list above to write the ratio of peanuts to raisins in her sample
using three different methods. What would you have to change to write
the ratio of raisins to peanuts?

b. Ratios, like fractions, can be written in simplified form. The ratio of 32 to
8 can be written equivalently as 4 to 1. Simplify your answer to part (a) in
each of the three ratio forms.
c.

Find the percent of Sidra’s trail mix that is peanuts. Can you use the ratios
you found in parts (a) and (b)? Explain.

d. Find the percent of Sidra’s trail mix that is raisins.
3-82.

Ratios can be particularly useful when you want to keep the percent of an
ingredient or the ratio of ingredients the same, but you want to change the total
amount.
For example: Rowena is not very fond of peanuts. So she is pleased that the
number of peanuts is quite small compared to the number of raisins in her
sample from problem 3-79. She would like to keep the same ratio of peanuts
to raisins when she mixes up a large batch of trail mix. Rowena and Polly
decided to use ratio tables to describe all the relationships in the trail mix.
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The table will help them make sense of the ratios so they know how much of
each ingredient to purchase.
a. Analyze the tables below. Why did Rowena and Polly record different
numbers? Did one of them make a mistake? Why or why not?
Rowena’s Table
1 2 3 4 5 6

7

8

4 8 12 16 20 24 28 32

1

2

Polly’s Table
3 4 5 6

7

8

5 10 15 20 25 30 35 40

b. With your team, recall the definition of “percent.” Whose table would
help you find most easily the percent of the trail mix that is peanuts?
Why?
3-83.

Marina found a quilt pattern that she wants to use to make a
quilt. Her pattern is shown at right. The large square is
made of 9 small squares. Some of the small squares contain
a design pattern (she calls them “pattern squares”), and
some small squares do not (she calls them “plain squares”).
Marina is trying to determine how much material she will
need to make a quilt.
a.

Create a ratio table comparing the total number of pattern squares to the
number of plain squares.

b. Marina measured her material and found that she had enough material to
cut out 100 plain squares. How many pattern squares will she need to
create? How many large squares will she be able to make? Explain your
reasoning.
c. Use three different methods to express the ratio of pattern squares to the
number of plain squares.
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Comparing Rates
7-1.

The sixth graders at Shasta Middle
School are planning a class trip to
Washington, D.C. They need to raise
enough money for all 140 sixth
graders to travel, so they have a lot of
work to do! The class officers have
collected the data below about
different kinds of fundraisers.
They want your help with choosing
a fundraising activity.
Type of
Fundraiser
Cookie sales

Time

Expected Profit

3 weeks

$500

Car washes

4 weeks

$700

week

$85

2 weeks

$320

Recycling
Yardwork
a.

3
5

How much will the class members earn if they spend six weeks doing
yardwork? How much will they earn if they spend six weeks having car
washes? Be prepared to explain your reasoning.

b. How much money would the class earn if it recycled bottles and cans
during the next three weeks of school?
7-2.

MAKING MONEY
The class president has decided that the
students will either sell cookies or hold
car washes. The rest of the officers
need your help to compare the profit
from cookie sales to the profit from car
washes.
Your Task: With your team, discuss ways of comparing the two fundraising
strategies to recommend which one to use. Use the data in problem 7-1 and the
questions below to start your discussion. Then write a note to the class officers
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recommending which fundraising activity they should do. Be sure to justify
your recommendation with details about rates.

What can we compare?
Which fundraising activity raises money faster?
Which raises money slower?

7-7.

The seventh-grade class was also looking at the data from problem 7-1. They
had information about another fundraiser: selling lemonade. They could earn
$65 every two days selling lemonade. Assume all of the fundraising activities
happen only on school days, and that there are 5 days in a school week.
a.

Which activity will raise money faster: selling lemonade or selling
cookies? Remember that the rate for selling cookies was $500 every 3
weeks. Be sure to justify your answer.

b. Trinh described the profit from
lemonade sales as earning at a rate of
“$325 in two weeks.” A rate is
a measure of how one quantity changes
in comparison to another. It can be
expressed as a ratio or a single number.
$325
Is Trinh’s rate of 2 weeks the same as
earning money at a rate of 2 $65
days ? Why
or why not?

7-8.

Additional Challenge: Eliza is saving her allowance to buy a new computer
so she can email her pen pals around the world. She currently saves $45 every
4 weeks.
a.

If her brother saves $39 every 3 weeks, who saves at a faster rate? Explain
your reasoning.

b. Instead of using dollars and cents, money in Armenia is called “drams.”
One American dollar is worth the same as 360 drams. Eliza’s pen pal in
Armenia saves 2880 drams from her allowance every week. Work with
11

your team to determine who is saving money faster, Eliza or her pen pal.
Explain your reasoning.
c.

7-14.

Eliza’s pen pal in Laos is also saving money. Money in Laos is called
“kips.” Her Laotian pen pal is saving 17,000 kips per week. Can you
determine who is saving at a faster rate? Determine the rate or write a
question that you would need answered in order to determine it.

The local news station is selecting this week’s student for
“Athlete of the Week.” Wendy and Yoshie, sprinters on
the track team, are both finalists. They are trying to
decide who is fastest based on recent race data. Wendy’s
times are represented in the table at right.
a.

Wendy’s Data
Time
Distance
(seconds) (meters)
5

Copy the table and use the relationship shown in it to
complete the table for Wendy. How can you use the
table to find Wendy’s running rate? How can you
write her rate as a ratio?

10
15

90

25

b. Yoshie can run 70 meters in 11 seconds, which can
be expressed by the ratio 70 meters:11 seconds. Do
the two runners travel at the same speed? If not,
who is running faster? Explain your reasoning.

35

210

45
55

330

To compare the two runners, the news station wanted to
make a graph of their rates.
a.

Create a table of values for Yoshie’s running rate similar to the one for
Wendy in problem 7-14. Work with your team to decide how to set up the
table and complete it.

b. Using the coordinate grid on the Lesson 7.1.2A Resource Page, plot pairs
of values from each table and create a line for Yoshie and a line for
Wendy. Use color or another means to
y
distinguish and label the two lines.
c.

Based on the graph, who is running faster? Does
this match your conclusion from part (b) of
problem 7-14? Justify your answer.

d. The graph at right shows information for Vanessa,
last week’s Athlete of the Week. What is
Vanessa’s rate? If she were to race Yoshie and
Wendy, who would win?

Distance (meters)

7-15.

30

x
Time (seconds)
12

7.1.3 Comparing with Unit Rates
Today your team will develop strategies to find a rate in new contexts using tables and
graphs.
7-24.

MAXIMUM MILES
The table below compares how many miles are traveled to how many gallons
of gas are used for two different cars.
a.

Copy and complete the table below. Leave room to add a fourth column.
Gas
(gallons)
0
3
5
6
10
12

Distance for Car A
(miles)
0

Distance for Car B
(miles)
0
54

150
180
180

b. Which car can travel the farthest on 5 gallons of gas?
c.

A third car (Car C) uses 6 gallons of gas to travel 120 miles. Add a fourth
column to the table in part (a) and complete the other five ratios of gallons
and miles in the table for Car C.
7-25. Manufacturers often advertise the miles per gallon, or mpg, for the cars they
make. This measurement is a special kind of rate called a unit rate, because
it is the mileage for one unit (one gallon) of gasoline.
a.

Calculate the unit rate (mpg) for each car in problem 7-24. List the cars in
order from highest mpg to lowest. Explain how you made this calculation.

b. Using the Lesson 7.1.3 Resource Page, graph the distance and gallons of
gas used for all three vehicles.
c.

How can the graph help us compare the unit rates (miles per gallon) of the
different cars? List the cars in order from the one with the steepest line to
the one with the least-steep line. Which car goes farthest for each gallon
of gas it uses?
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7-26.

Tamika and Lois
Tamika
Lois
like to knit. They
Length
Time
Length
have decided to knit
Time
(in
(in
(in
a scarf using the
(in hours) inches)
hours)
inches)
same pattern.
0
0
0
Tamika started
knitting the scarf
1
7
1
last week, but Lois
2
9
2
6
is just starting now.
3
3
The girls knit at
different rates than
each other, but each one’s rate is constant. The tables above show information
about the number of inches of scarf knitted per hour after Lois joins Tamika.
a.

Copy and complete each table to show the amount of time each girl has
been knitting and the number of inches that have been knitted.

b. At what rate does Tamika knit? How can you
use the table to find her rate?
c.

At what rate does Lois knit? Explain how you
found your answer.

d. Lois decides that she wants her scarf to be 27
inches long. How long will it take her to
complete the scarf?

7-27.

e.

If Tamika and Lois both knitted at their unit
rates for 12 hours total, how long would each of their scarves be? Explain
how you found each of your answers.

f.

If you graphed the data (so that x is the number of hours and y is the
number of inches) for both Tamika and Lois on the same graph, which line
would appear steeper? Explain why it would be steeper.

Olivia was curious about how fast she knits.
She decided to measure how much she could knit
in 10 hours. She already had a scarf started and
recorded her data in the table at right.
a.

If Olivia knits at a constant rate, what is
Olivia’s knitting speed in inches per hour?
Discuss this question with your team and be
prepared to explain your reasoning.

Olivia
Time
(in
hours)
0

Length
(in inches)
8

10

53
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b. How much will Olivia have knitted in 12 hours? How does this compare
to Tamika and Lois?
RATIO AND PROPORTION IN GRADE 7
(connecting to graphs and tables)
4-21.

COLLEGE FUND
Five years ago, Gustavo’s grandmother put some
money in a college savings account for him on his
birthday. The account pays simple interest, and
now, after five years, the account is worth $500.
Gustavo predicts that if he does not deposit or
withdraw any money, then the account balance
will be $1000 five years from now.
a.

How do you think Gustavo made his prediction?

b. Do you agree with Gustavo’s reasoning? Explain why or why not.
4-22.

Last week, Gustavo got his bank statement in the mail. He was surprised to
see a graph that showed that, although his balance was growing at a steady
rate, the bank predicted that in five years his account balance would be only
$600. “What is going on?” he wondered. “Why isn’t my money growing the
way I thought it would?”
With your team, discuss how much Gustavo’s account appears to be growing
every year. Why might his account be growing in a different way than he
expected? Be ready to share your ideas.

4-23.

Gustavo decided to look more carefully at his balances for the last few years to
see if the bank’s prediction might be a mistake. He put together the table
below.
Time Since Original Deposit (years)
Bank Balance (dollars)
a.

2

3

4

5

440

460

480

500

How has Gustavo’s bank balance been growing?

b. Does Gustavo’s money seem to be doubling as the number of years
doubles? Explain your reasoning.
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c.

Once Gustavo saw the balances written in a table,
he decided to take a closer look at the graph from
the bank to see if he could figure out where he
made the mistake in his prediction. Find the graph
at right on the Lesson 4.2.1 Resource Page.
a.

Balance (dollars)

4-24.

Is the bank’s prediction a mistake? Explain your answer.

There is additional information about Gustavo’s
account that you can tell from the graph. For
example, what was his starting balance? How
much does it grow in 5 years?

Time after Deposit
(years)

b. Gustavo had assumed his money would double
after 10 years. What would the graph look like if that were true? Using a
different color, add a line to the graph that represents what Gustavo was
thinking.
c.

Is it possible that Gustavo’s account could have had $0 in it in Year 0?
Why or why not?

4-25. FOR THE BIRDS
When filling her bird feeder, Sonja noticed that she paid $27 for four pounds of
bulk birdseed. “Next time, I’m going to buy 8 pounds instead so I can make it
through the spring. That should cost $54.”
a.

Does Sonja’s assumption that doubling the amount of birdseed would
double the price make sense? Why or why not? How much would you
predict that 2 pounds of birdseed would cost?

b. To check her assumption, she found a receipt for 1 pound of birdseed. She
decided to make a table, which is started below. Copy and complete her
table.
Pounds
Cost
c.

0

1

2

3

$6.75

4

5

6

8

$27

How do the amounts in the table grow?
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d. Does the table confirm Sonja’s doubling relationship? Give two examples
from the table that show how doubling the pounds will double the cost.

What makes Sonja’s birdseed situation (problem 4-25) different from
Gustavo’s college fund situation (problem 4-21)? Why does doubling work for
one situation but not in the other? Consider this as you examine the graphs
below.

Cost (dollars)

Balance (dollars)

4-26.

Time after Deposit (years)

a.

Weight (pounds)

With your team:
 Describe how each graph is the same.
 Describe what makes each graph different.

b. How do the differences explain why doubling works in one situation and
not in the other? Generalize why doubling works in one situation and not
in another.
c.

The pattern of growth in Sonja’s example of buying birdseed is an
example of a proportional relationship. In a proportional relationship, if
one quantity is multiplied by a scale factor, the other is scaled by the same
amount. Gustavo’s bank account is not proportional, because it grows
differently; when the number of years doubled, his balance did not.
Work with your team to list other characteristics of proportional
relationships, based on Sonja’s and Gustavo’s examples. Be as specific as
possible.

17

4-27.

IS IT PROPORTIONAL?
When you are making a prediction, it is important to be able to recognize
whether a relationship is proportional or not.
Your Task: Work with your team to read each new situation below. Decide
whether you think the relationship described is proportional or nonproportional and justify your reasoning. Be prepared to share your decisions
and justifications with the class.
a.

Carlos wants to buy some new video games.
Each game he buys costs him $36. Is the
relationship between the number of games
Carlos buys and the total price proportional?

b. A single ticket to a concert costs $56, while
buying five tickets costs $250. Is the
relationship between the number of tickets
bought and the total price proportional?
c.

Vu is four years older than his sister. Is the relationship between Vu and
his sister’s age proportional?

d. Janna runs at a steady pace of 7 minutes per mile. Is the relationship
between the number of miles she ran and the distance she covered
proportional?
e.

Carl just bought a music player and plans to load 50 songs each week. Is
the relationship between the number of weeks after Carl bought the music
player and the number of songs on his player proportional?

f.

Anna has a new video game. It takes her five hours of playing the game to
master level one. After so much time, Anna understands the game better
and it only takes her three hours of playing the game to master level two.
Is the number of hours played and the game level proportional?
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4-34.

GRAPHING THE PENNY-TOWER DATA
In Chapter 1, you found a multiplicative
(or proportional) relationship between the height
of a stack of pennies and the number of pennies
in the stack. That is, you could always find one
piece of information by multiplying the other by
a constant number.
a.

Copy the table at right and work with
your team to fill in the missing values.
What strategies did you use to determine
the missing numbers?

Height of
Tower
(cm)
1
15
4

# of
Pennies

28
63

3
12

b. How many pennies are in a tower with a
height of 0 cm? Add a row to your table with this value.
c.

Graph this data. Be sure to scale the axes so that all of the points in your
table are visible on your graph.

d. What do you notice about the graph of height and the number of pennies?
How does this graph compare to Sonja’s graph of birdseed weight and cost
that you made in Lesson 4.2.1? What do the graphs have in common?
How are they different?
4-35.

Kaci loves cheese and buys it whenever she can. Recently,
she bought 5 pounds of mozzarella cheese for $15.00 and
3 pounds of havarti for $7.50.
a.

Obtain a copy of the Lesson 4.2.2 Resource Page for
each member of your team. Then work together to
record, plot, and label Kaci’s two cheese purchases.

b. With your team, find another point that you could plot on
the graph for each kind of cheese. Record these points in
the tables. That is, find another combination of pounds of cheese and the
associated cost for the mozzarella and then another combination of pounds
and cost for the havarti.
c.

Work with your team to discuss and answer the following questions. Then
decide how best to complete the two tables and graphs that you started in
parts (a) and (b).
 Can you find any other points that should be in the mozzarella table
and graph? Add them.
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 Can you find any other points that should be in the havarti table and
graph? Add them.
 Should the points on each graph be connected? If so, why does that
make sense? If not, why not?
d. How do the graphs for each type of cheese compare? What is the same
and what is different?

4-36.

e.

Which cheese is more expensive (costs more per pound)? How can you
tell by looking at the graph? How can you tell by looking at the table?

f.

What is significant about the point (1, y) for each line on the graph or in
your table?

Look back at the tables and graphs you created for proportional relationships in
the previous problems.
a.

4-37.

b. How can you use a graph to decide if a relationship is proportional?
Which of the tables below shows a proportional relationship between x and
y? How can you tell?
a.

7-96.

How can you use a table to decide if a relationship is proportional?

x
1
2
3
4

y
2
4
6
8

b.

x
1
2
3
4

y
2
3
4
5

In Chapter 4, Kaci was trying to figure out how many pounds of Havarti
cheese she could buy for $10, knowing that 3 pounds costs $7.50. She wrote
the equivalent ratios below.
3 pounds
x
=
$7.50
$10

Work with your team to brainstorm a list of all of the methods that you can
think of that Kaci could use to find the information she is missing. Be
prepared to share your ideas with the rest of the class.
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7-97.

Graeme knows that he earns $4.23 every half hour. He wanted to know how
much money he would earn after one full week of work (40 hours). He wrote
the equivalent ratios below and quickly sees a way to find his answer.
$4.23
x
=
hour 40 hours

1
2

a.

What do you think Graeme is thinking of doing?

b. Solve Graeme’s equation.
c.

7-98.

Graeme wants to know how long it will take him to earn $1000. Write and
solve an equation to help him figure it out.

Shiloh knows that it takes 5 cups of flour to make 2 recipes of cookies. He has
13 cups of flour left in his cupboard. He wants to know how many recipes he
can make. He wrote the equivalent ratios below.
5 cups
13 cups
=
2 recipes x recipes

This equation looked difficult to solve, so he decided to ask his friend Carolyn
for help. Carolyn said,
“If it takes 5 cups of flour to make 2 recipes, then it takes 2 12 cups of flour for
each recipe. This is the multiplier. Can’t you just use the multiplier to write an
equation?”
Carolyn then wrote the equation F = 2 12 R where F stands for cups of flour and
R stands for the number of recipes. As Carolyn wrote the equation below, she
said, “Then I would solve this equation to find out the number of recipes.”
13 = 2 12 R

a.

Compare Shiloh and Carolyn’s equations. Are they correct? Why or why
not?

b. Which equation is easiest to solve? Solve it.
c.
7-106.

Does your solution work in both Shiloh and Carolyn’s equations?

J.R. reduced figure A at right to
create similar figure B.

4 cm
6 cm

3 cm
x

A
12 cm

B
9 cm
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a.

Write all of the ratios that compare the corresponding sides of figure B to
figure A. What is the relationship between these ratios? How do you
know?

b. One of the relationships between the sides can be written as 43 = 6x . Find
two different ways to find the value of x in this equation. Is your answer
reasonable? Be ready to share your strategies with the class.
7-107.

MULTIPLE STRATEGIES
J.R.’s team is trying to find multiple ways
to solve 43 = 6x from problem 7-106. With
your team, analyze each of the strategies
below. Some of these strategies might be
the same as what you came up with in
problem 7-106. However, others may be
new. Work to understand each strategy so
that you can use it to solve a new problem.
a.

J.R. wants to use a Giant One to help find the value of x. Explain how he
can find a value to use as a numerator and denominator in a Giant One,
then find the value of x.

b. Looking at J.R.’s work, Leticia said, “I see it differently. We just need to
find some number that when divided by 6 you get 43 . We can undo the
division by multiplying each side of the proportion by 6 like this.” Then
Leticia showed J.R. the work below.

With your team, explain how Leticia’s idea works. Are the two ratios still
equal? Why did she choose to multiply by 6? Simplify each side of the
equation.
c.

Avner asked, “But if multiplying both sides by 6
gets rid of the denominator of the x, then can we
use the same strategy to get rid of the 4 in the
other denominator? Like when we do Fraction
Busters, right?” Discuss Avner’s question and
decide if undoing both denominators using a
Fraction Buster is a reasonable strategy. Does this
help solve the equation?

Avner’s work
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7-108.

Use the strategies from problem 7-107 to solve the problems below.
a.

p
Use Leticia’s method of undoing division to solve this proportion: 22.5
= 57 .
When you find p, replace the value in the original proportion to confirm
that the two ratios are equal.

b. Write and solve a proportional
equation for x for the similar
triangles at right. Then use Avner’s
method of undoing both
denominators (Fraction Busters) to
solve for x.
c.

7-109.

30

15

x

12

An apple-juice container has a tiny hole in it, so it is slowly leaking. If the
container leaks three ounces every 19 minutes, how long will it take for the
16 ounces of juice in the container to leak out? Write a proportional
equation and solve with J.R.’s strategy of using a Giant One.

For each problem below, decide if the situation is proportional. If the problem
is proportional, say so, and then solve the problem using any strategy you
choose. If the problem is not proportional, explain why not, and then solve the
problem.
a.

Steve drove 130 miles from Portland to Tacoma in 2 hours. If he
continues to drive at the same speed, how long will it take him to drive 390
miles?

b. At an amusement park, you pay a $15 entrance fee and then $4 for each
ride you go on. How much will it cost you to go on seven rides?
c.

Armando has collected 39 bottle caps in the past three months. At this
rate, how many bottle caps will he have in five months?

d. The grocery store sells 3 limes for 99 cents. At this rate, how much will a
dozen limes cost?
e.

Margarit drove her friends to a movie. She drove for 30 minutes at
10 miles per hour in heavy traffic, and then she drove for 15 minutes at
40 miles per hour. How far did she travel in those 45 minutes?
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7-110.

After Ramona had solved several proportional
equations, she noticed a pattern. “When we
eliminated both of the fractions by multiplying by
both denominators, we ended up with something
that looks like we just multiplied diagonally.”
a.

What does she mean? For each of the proportions below, apply Ramona’s
diagonal multiplying pattern and determine whether the result is a true
mathematical equation. Will her pattern always work?
i.

8
10

= 12
15

ii.

6
4

=

iii.

9
6

b. Use Ramona’s pattern to solve the equation

2
5

15
3

=

20
4

for x.
= 11
x

NOT A PART OF THE CCSS FOR GRADE 8, BUT IS PART OF ALGEBRA
WORK.
1-41.

Make a table and a graph to represent each of the situations below.
a.

Parvin often cleans the dishes for her mother. She can clean 17 plates in
10 minutes. How many plates can she clean in different amounts of time?

b. Yasmin’s puppy, Maggie, weighed 14 ounces at birth. She doubled her
birth weight in 10 days. Assuming her growth is constant, how much will
she weigh at various times in the first year?
c.

Angel saw an Internet pop-up advertisement for an investment that doubles
your money every year. If Angel invests the $20 her grandmother gave
her for her birthday, how much money will she have in various years?

d. Which of the situations in parts (a) through (c) describe a proportional
relationship? How do you know if a relationship is proportional by
looking at the table? What about by looking at the graph?
1-42.

Doug regularly mows his neighbor’s lawn. Last month,
Doug’s neighbor paid him $55 for 6 hours of mowing.
a.

Is this situation most likely a proportional relationship?
How do you know?

Time
(hr)

Doug
Earnings
($)

6

55

b. Make a table that shows how much Doug earns for various
numbers of hours of mowing.
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c.

Johnny brags that he is getting paid more than Doug
to mow lawns. Johnny gets paid according to the
graph below right. Who is getting paid more? How
do you know?

d. At what unit rate do Johnny and Doug each get paid?
How do you know? Remember that a unit rate
compares the change in one quantity to a one-unit
change in another quantity, so in this case you would
compare dollars to one hour.
e.

1-43.

If it is not already there, how could you show the unit rate in Doug’s table?
How could you show the unit rate on Johnny’s graph?

Ferroza’s pet ferret eats so much that Ferroza has to
buy ferret food in bulk. Five pounds cost $17.50,
and 30 pounds cost $105.00.
a.

Make a graph of the cost of ferret food for
various sizes of bags.

b. Calculate the value of y at the point (1, y) on Ferroza’s graph. Why
would Ferroza want to know what the value of y is?
1-44.

7 m to represent the relationship between the
Toby wrote the equation t = 10
number of tubes of toothpaste (t) he uses in any number of months (m).

a.

How much toothpaste does Toby use in 5 years?
Show how you found this.

b. Toby’s sister kept track of her toothpaste use in the
following table.
Who uses toothpaste faster, Toby or his sister?
c.

1-45.

If you have not already done so, find the unit rate (in
tubes/month) for both Toby and his sister. Do the unit
rates confirm your answer to part (b)?

Toby’s Sister
Time
Tubes
(months)
(#)
14
9
28
18

The larger bag of ferret food is on sale at the SuperPetMart for $89. Ferroza
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made the following table. Explain to Ferroza why the cost of food at
SuperPetMart is not a proportional relationship.
Ferret Food
Weight
Cost
(pounds)
($)
0
$0
5
17.50
30
89

1-52.

Kenny can make seven origami (folded-paper) cranes in ten minutes. He read
a story about a girl who made 1505 cranes, so he was curious how long it
would take him to make that many without stopping.
a.

Complete Kenny’s table below, and then explain how you did so. How
many minutes would it take Kenny to fold 1505 cranes? How many
hours?
Origami Cranes
Cranes
Time
(#)
(minutes)
0
0
7
10
1505
?

b. Instead of solving this problem using a table or a graph, Kenny represented
seven cranes in ten minutes as the ratio 107 minutes
. Then he wrote an
cranes
equivalent ratio as follows:
10 minutes ? minutes
=
7 cranes
1505 cranes
Use two different strategies to find the missing value in the equivalent
ratio.
1-53.

MULTIPLE STRATEGIES
x . Three of the strategies
Kenny’s class found several ways to solve 107 = 1505
that they used are presented below. Some of these strategies might be the same
as what your class did in problem 1-52. However, others may be new. Work
to understand each strategy so that you could use it to solve a new problem.
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a.

Giant One Method:
Multiplying a ratio by 1 does not change the value of the ratio. You can
write 1 in many forms, such as 33 and 14
. In this course, this kind of
14
fraction is called a “Giant One.” Find a value to use as a numerator and
denominator in a Giant One, and then find the value of x in the equation
below.

b. Undoing Division Method:
In this ratio, x is divided by 1505. You can undo the division by
multiplying each side of the proportion by 1505 like this:

Work with your team to explain how this strategy works. Are the two
ratios still equal? Why are both sides multiplied by 1505? Simplify each
side of the equation and find x.
c.

Fraction Buster Method:
If multiplying both sides by 1505 gets rid of
the denominator of the x, then you can use the
same strategy to get rid of the 7 in the other
denominator. Discuss this method with your
team and decide if undoing both denominators
is a reasonable strategy. How does using this
method help you solve the equation? What
else do you need to do to find x?

1-54.

Use each of the strategies from problem 1-53 to solve the
problems below.
a.

When he was little, Miguel could not sleep without his
Captain Terrific action figure. It looked so life-like because
it was a perfect scale model. The actor who plays Captain
Terrific on television is 216 cm tall. Miguel’s doll is 10 cm
tall. If the doll’s neck is 0.93 cm long, how long is the
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actor’s neck? Use the Undoing Division Method to solve this proportion:
216 = x .
10
0.93
b. The Northwood School Math Club is having a tamale sale.
The school has 1600 students, but the club members are not
sure how many tamales to make. One day during lunch, the
club asked random students if they would buy a tamale.
They found that 15 out of 80 students surveyed said they
would definitely buy a tamale. How many tamales should
the Math Club expect to sell? Use the Fraction Busters
x .
Method to solve the proportion 15
80 = 1600
c.

On the school copy machine, Mr. Douglas reduced a triangle
so that it would fit better in student portfolios. The shortest side of the
original triangle was 22 cm; other measurements are shown in the diagram.
How long was the longest side of the original triangle? Solve the
x using the Giant One Method.
proportion 22
8 = 12
12
x

8
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1-56.

ANOTHER STRATEGY
Cross-Multiplication Method:
Juana’s method is shown at right.
Explain to Juana why her method is really just a shortcut based on the Fraction
Busters Method.
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